We initiate the weak spectrum of a linear operator on Lp spaces. 1 < p < oo. The weak spectrum of a pseudo-differential operator with symbol in Sac where -oo < m < oo and 0 < p < 1, is investigated.
1. Introduction. For m g (-oo, oo) and p g [0,1], we define S™0 to be the set of all functions a in CX(R") such that, for each multi-index a, (Dao)(£) = 0(|£|"'-p|a|) as ||| -* oo. Let a G 5pm0. Then we define the pseudo-differential operator Ta, initially on ^(the Schwartz space), by (7»(x) = {2Tr)-"/2f e"Mi)4>(t)dt for all ipey.
Here, " denotes the Fourier transformation. Obviously Ta maps yinto y. It can be shown (see Proposition 2.1 in Wong [5] ) that, for 1 < p < oo, Ta: y->yis closable in LP(R"). We denote the closure by 7" Detailed information about the spectrum 2(T ) of T can be found in Wong [3, 4, 5] . The corresponding results for partial differential operators have been gathered in Schechter [2] .
2. The weak spectrum. Let A be a closed linear operator defined on LP(R"). Then a complex number X is said to be in the weak resolvent set pw(A) of A if the range R(A -X) of A -X is dense in LP(R") and there is a constant C > 0 such that m{x g R": |tp(x)|> a) < {C\\(A -X)<p\\/a}P for all a > 0 and <p in the domain 3>(A) of A. Here, m { • ■ • } denotes the Lebesgue measure of { • • • } and || || the Lp norm. As usual, the weak spectrum 2W(^4) of A is defined to be C -p^(A). Obviously, 2w(/i) c 1(A). That 2w(/4) can be a proper subset of 1(A) will be shown in §5.
3. On y.w(Tcp), 1 < p < oo. We first show that 2^7^)
is not empty. Proof. For simplicity, we suppose that X = 0. Let {£A} be a sequence of elements of R" such that a(£A) -> 0 as k -* oo. Let {e^} be a sequence of positive numbers. Proof. We first prove necessity. Again for simplicity, let X = 0. By Theorem 3.1, a(¿) is bounded away from 0 for all £ G R". For any /g y, define u by ù(£) = /(!)/o(£).
Then ueyand 7> =/. Since 0 g pw(7't,/,), it follows that there is a constant C > 0 such that m{x g R": \u(x)\ > a) < {C||/||/o}'' for all a > 0 and f^Sf.
Hence l/a(£) is a multiplier of weak type (p,p). Conversely, if l/a(£) is a multiplier of weak type (p, p), then there is a constant C > 0 such that Let t be the function defined by t(£) = e'li|U/(l + |||c'), where 0 < a < 1 and 0 < c < «a/2. Then, defining a by a(£) = 1/t(|), it is clear that a G S{_a0. As has been proved in Wong [3, 4] Proof. By Theorems 3.1 and 4.1, we need only show that if X g C is such that a(£) =£ X for all £ G R", l/(a(£) -X) is a multiplier of weak type (1, 1) . But an easy computation shows that l/(a(£) -À) g Sx_a 0, and hence it follows from Theorem 2' in Fefferman [1] that l/(a(£) -A) is indeed a multiplier of weak type (1,1).
